We investigate the influences of quantum many-body effects, such as criticality and the existence of factorisation fields, in the thermodynamic cost of establishing a bonding link between two independent quantum spin chains. We provide a physical interpretation of the behavior of irreversible work spent in such process by linking the phenomenology of such quantities to the properties of the spectrum of the system.
We investigate the influences of quantum many-body effects, such as criticality and the existence of factorisation fields, in the thermodynamic cost of establishing a bonding link between two independent quantum spin chains. We provide a physical interpretation of the behavior of irreversible work spent in such process by linking the phenomenology of such quantities to the properties of the spectrum of the system.
I. INTRODUCTION
The statistics of work in quantum systems [1] [2] [3] [4] [5] [6] [7] subjected to a time dependent processes has recently attracted a remarkable body of work [8] [9] [10] [11] [12] aimed at predicting the behaviour of thermodynamically relevant quantities (work, free-energy variations, and entropy) in finite-time dynamics. Experimental efforts in both the classical and quantum mechanical scenarios [13] [14] [15] [16] [17] [18] have started burgeoning, showing the concrete possibility to test the validity of fluctuation theorems [1, 2, 19, 20] . Although, with a few exceptions [21] [22] [23] [24] [25] [26] [27] [28] , the efforts so far have been concentrated on the single and/or fewbody case, there is natural interest in extending such investigations to the quantum many-body domain, whose rich physics would offer new chances to investigate nonequilibrium quantum thermodynamics.
In this paper, we contribute to this ongoing effort by providing an extensive study of the out-of-equilibrium thermodynamics of a process consisting in the sudden establishment of a bond between two otherwise mutually disconnected finite-size spin chains and linking the corresponding phenomenology to the many-body properties of the system. In particular, we concentrate on features of criticality and factorizability of the spin models at hand, highlighting the connections with the amount of irreversible work produced as a result of the sudden bonding of the two chains, which indeed exhibits features that are reminiscent of the properties of the spectrum of the model being studied.
The remainder of this manuscript is organized as follows: In Sec. II we introduce the instruments that will be used in our analysis of the system that is described in Sec. III. We will highlight that the irreversible work can be also understood as the irreversible heat that the non-equilibrium system will cede if at the end of the driving the system undergoes a re-thermalization step. The statistics of work produced in the sudden bonding process is analysed in Sec. IV and further illustrated, with special emphasis given to the irreversible version of work due to the non-adiabatic nature of the process at hand, in Sec. V A. The link with the features of the spectrum of the model, from criticality to factorisation, is then pro-
The initial thermal equilibrium state ρi (small circle) evolves unitarily (solid arrow) into the nonequilibrium state ρ (bean-shaped) in response to an external driving changing the Hamiltonian from Hi to H f . During this step the average work W is performed and no heat is exchanged (the evolution occurs in thermal isolation). The non-equilibrium state ρ evolves into the final equilibrium ρ f (large circle) during the non-unitary thermalization evolution. During this step the heat Q is exchanged with the bath and no work is performed.
vided in Secs. V B, V C, and VI.
II. NONEQUILIBRIUM LAG, IRREVERSIBLE WORK AND IRREVERSIBLE HEAT
We consider the following general set-up illustrated in Fig. 1 . At time t = 0 a system with initial Hamiltonian H i stays in thermal equilibrium with a bath of tempera- ily until time t = τ under the action of a time dependent forcing specified by the time-dependent system Hamiltonian H(t), taking the Hamiltonian from H i to H f :
Here U t is the evolution generated by H(t), namely i U t = H(t)U t . At time t = τ connection with the bath is re-established and after a sufficient long time T , the system finally reaches the state of thermal equilibrium
We will consider this unitary+thermalization process as the basic building block of a generic non-equilibrium thermodynamic process, very much in the spirit of Refs. [29, 30] . As a consequence of the work fluctuation relation [2] we have that the average work w = Tr(ρ H f − ρ i H i ) done on the system during the time 0 < t < τ is larger than the free energy difference ∆F = −β −1 ln Z f /Z i between the equilibrium states ρ f and ρ i w − ∆F ≥ 0.
This difference is often referred to as the irreversible work W irr and quantifies the lag between the nonequilibrium state ρ and the corresponding equilibrium ρ f [31]
where D[ρ||σ] = Trρ ln ρ − Trρ ln σ denotes the KullbackLeibler divergence, which quantifies the degree of indistinguishability between ρ and σ. The non-equilibrium lag can also be interpreted in a different way if one focusses on the thermalization step: Consider the difference in thermodynamic internal energy ∆U = Trρ f H f − Trρ i H i of the two equilibrium states ρ f and ρ i . On one hand, using standard canonical ensemble manipulations one can write it as ∆U = ∆F + T ∆S (6) where ∆S = −Trρ f ln ρ f + Trρ i ln ρ i . On the other hand, by adding and subtracting Trρ H f one has
where, under the usual assumption of weak system-bath coupling, the quantity Tr(ρ f H f − ρ H f ), i.e. the energy gained by the system during the thermalization step, τ < t < τ + T , is interpreted as heat. Combining these expressions together we arrive at
Eq. (4) then implies Q ≤ T ∆S, which is Clausius formulation of the second law, saying that the heat ceded to the bath during the equilibration step is smaller than the heat T ∆S that would have been given to the bath if the system was brought from ρ i to ρ f through a quasi-static isothermal transformation. The latter can be approximately be reached by means of many small quenches followed each by a thermalization step of duration T or larger. In the limit of infinitely many infinitesimal such quench+thermalization steps, the equality Q = T ∆S would be reached.
In the following we shall call the difference Q − T ∆S the irreversible heat Q irr ≤ 0. It is given by
For an arbitrary ρ i , the above formulation of the second law implies the formula βTr(ρ f − ρ i )H f ≤ −Trρ f ln ρ f + Trρ i ln ρ i that has been derived in Ref. [30] only on the basis of information-theoretic arguments. To see that note that ρ i can be seen as the thermal equilibrium associated to the Hamiltonian H i = −β −1 ln ρ i , and consider the case when the driving protocol is a sudden quench
In the following we will consider a thermodynamic process as illustrated above but of a special kind. Namely we consider the case when τ → 0, i.e., the Hamiltonian is instantaneously quenched from H i to H f at time t = 0. This means that in our specific case U is the identity operator and that ρ = ρ i . Further we focus on the special case when the initial Hamiltonian H i splits in the sum of two non-interacting sub-systems Hamiltonians
and the quench protocol consists in turning on an interaction between them
As a consequence of the irreversible thermalization step the initially uncorrelated state
of the system will get correlated
where Z x = Tr x e −βHx , with x = A, B, f and Tr x the trace over the respective Hilbert space. We will investigate the work pdf, the dissipated work/heat and the correlation build-up, in this specific scenario.
III. THE MODEL
We consider two XX chains of lengths N A , N B , which are joined into a single XX chain of length N = N A + N B [32] . At times t < 0, the system Hamiltonian is:
where
with σ α j , j = 1 . . . N , α = x, y, z, denoting the Pauli matrices of the j-th spin. At time t = 0 an interaction between spin N A and spin N A + 1 is turned on, such that the Hamiltonian is, for t > 0:
The Hamiltonians H A , H B , H f all represent XX spin chains of different lengths L. By means of Jordan-Wigner transformation followed by a sine transform [33, 34] 
(with σ
) a chain of L spins can be mapped on L non-interacting fermions, representing the normal modes of the chain [32, 33] 
where the one-body eigenenergies and eigenstates are given, respectively, by [35] 
and |k ≡ c † k |0 with |0 being the fermion vacuum. The chain eigenenergies read then:
where n = (n i . . . n L ), denotes the occupation of each fermionic mode, n i = 0, 1. In the following and throughout the manuscript all energies are expressed in units of J and we set k B , Boltzmann's constant, equal to 1, accordingly temperature is measured in units of energy.
Note that the three Hamiltonians H A , H B , H f have different lengths, hence different creation operators, different eigenvectors, and different single mode energies ε k (L). To fix the notation, we shall denote the eigenvectors of the H A , H B , H f as |i A , |i B and |f , respectively. The eigenstates |i of H i are specified by the N occupation numbers of the two sub-chains |i = |i A |i B . The associated eigenenergies will be denoted by the symbols E i and E f .
As can be seen from the expression of the quasi-particle energy ε k ∈ [h − 1, h + 1], depending on the value of h, the energy of the k-mode can be either positive or negative, and this determines if, in the ground state, i.e., at T = 0, that mode will be occupied or not by the corresponding fermion. At finite temperature, the k-mode has an occupation probability according to Fermi statistics. The last value of k such that ε k ≤ 0 is called Fermi wave vector [36] , and reads, for the discrete lattice model we are investigating, 
It is well known that the model under scrutiny exhibits a quantum phase transition from a quasi-long range ordered state in the ferromagnetic phase to a disorder state in the paramagnetic phase [37] . This transition occurs, at T = 0 and N → ∞, for h = 1. The paramagnetic state corresponds to
. Expressed in the original spin language, it means that all the spins are aligned along the external magnetic field h, |GS = |1 ⊗N (|GS = |0 ⊗N ), where |1 (|0 ) represents the spin pointing down |↓ (up |↑ ) on each site. As a consequence, this state is referred to as factorized state and the point h = 1 as factorizing field h f [38] [39] [40] [41] . Since the sign of h in the hamiltonian can be reversed by a unitary transformation embodying a rotation of all spins by π around the x-axis [42] , in the following we will restrict, without loss of generality, to the interval h ≥ 0. For finite systems the factorization point does not correspond anymore to h = 1, but it is given by h f = cos π N +1 and, moreover, for open chains, factorization does not occur homogeneously throughout the whole chain because of the lack of translational invariance. In fact, the alignment along the magnetic field is less frustrated at the borders of the chain than in the bulk, where the competing presence of the other spins is more likely to contrast the alignment along the z-axis.
IV. WORK STATISTICS
According to the two-measurement scheme [2] the work probability distribution function associated to the instantaneous connection of the two chains is is Dirac delta function, Z i = i e −βE i is the partition function of the initial equilibrium, and P [f |i] is the probability of finding the system in state |f after the quench, provided it was in state |i before it. As the quench is instantaneous, we have
The overlaps i|f can be calculated analytically, see Appendix A. However, since there are 2 N × 2 N of them, calculating them all is very lengthy (this notwithstanding the selection rule according to which the number of excitations before the quench must equal the number of excitations after the quench k i k = l f l ). We have pursued the calculation for a maximum length N of 10 spins, corresponding to a transition matrix P [f |i] of ca. 10 6 elements. Figure 3 reports the work pdf for N A = N B = 5 at various values of h and k B T [51] . Note how, with increasing the magnetic field, the width of the distribution decreases. This is because the relative effect of the added interaction energy, of order J, becomes smaller compared to the energy of the full chain. This effect becomes more and more pronounced as the temperature decreases (see the bottom-left panel in Fig. 3 ), leading the work pdf to a single dirac delta centered around w = 0 in the limit T → 0, where the only initial state entering the sum Eq. (23) is a factorized state, having non null overlap with itself only.
It is important to stress that, for this problem the average work done is null. From Eq. (4) the average work is
hence in our case where we have a sudden quench (ρ = ρ f )
namely the average work is given by the initial x and y correlations between the last spin of the first chain and the first spin of the second chain. Since our initial state is a product state, those initial correlations are null. Thus turning on the interaction has no cost in terms of energy [52] . As a consequence, in the present case:
The change in free energy can be expressed as [43] 
V. IRREVERSIBLE WORK
A. Varying the magnetic field
In this Section we evaluate the irreversible work W irr at different initial magnetic fields and relate its features to the many-body physics of the model, especially to the presence of level crossings and quantum phase transitions.
The model under scrutiny exhibits, at T = 0, N level crossings as h is varied [35, 44] , each occurring at h k (N ) = − cos kπ N +1 , when the energy of the k-fermion ε k = h + cos kπ N +1 changes sign. Accordingly the ground state |GS = k≥k f c † k |0 changes its structure at those values of h. In the interval between consecutive h k 's, on the other hand, the ground state remains unchanged. In Fig. 4 an instance of such a level crossing is illustrated when the global magnetic field is varied. The presence of these level crossings is signaled by a peak in the the irreversible work plotted as a function of h for small global quenches ∆h [45] in a way similar to that reported in [22, 28] for the Ising model. However the present situation is different. We do not have here a global quench of the magnetic field h, but rather a local quench of the interaction J between the two chains. The turning on of this interaction can change the structure of the ground state in a similar way as it happens in a global h quench. This fact is illustrated in Fig. 5 . In the bottom graph we plot the single mode energies of the pre-and postquench Hamiltonians H i and H f with N A = N B . Before the quench each single mode is four-fold degenerate (a factor two comes from the k ↔ −k symmetry and a second factor two comes from the left right symmetry: N A = N B ). The left-right symmetry degeneracy is lifted when the central bond is turned on, so that each level splits into two levels, one staying above and one staying below the original one. The structure of the ground state is affected then when one of these has a different sign than the original un-splitted mode. This is reflected in the triangular peaks al very low temperature in top. These peaks are smoothed out as the temperature increases as expected [22, 28, 45] .
B. Quenches from the factorized phase into the critical one
In the previous section V A, we have investigated what happens when turning on the interaction between the two chains corresponds to a level crossing. In this Section we investigate the behavior of the irreversible work as the last level-crossing, namely the one that separates the factorized (i.e. paramagnetic) and un-factorized (i.e. ferromagnetic) phases at zero temperature. As already stated in Sec. III, at T = 0 and N → ∞, the factorizing field is h f = 1. Nevertheless, for finite chains, the factorizing field h f is a function of N . Fig. 6 shows the dependence of the factorizing field h f on the chain length L. The important aspect to note here is that h f is a monotonically increasing function of L. Therefore a value of h which is a factorizing one for each of the two sub-chains might not be a factorizing field for the whole, longer chain. Fig. 6 shows the irreversible work W irr as a function of N A (= N B ) at specific values of the magnetic fields, h = 0, 5,
, 0.87, 0.97, which, respectively, are the factorizing fields for N A = 2, 3, 5, 10. We observe that the global maximum of W irr occurs at the value of N A for which the field is factorizing. This is because the turning on of the interaction between the two chains leads into the un-factorized phase of the longer chain, accordingly. At higher temperature this effect is smoothed out as expected, see Fig. 6 , bottom panel.
C. Role of the inhomogeneity of the spin alignment
Because of boundary effects (due to the lack of translational invariance) and finite temperature effects, the alignment of all the spins along the z-direction, is not achieved uniformly along the chain even above the factorizing field. Close to the boundaries, the spins tend to align with the magnetic field more easily. This inhomogeneity is reflected in the behavior of W irr as function of N A , and is more marked for values of h close to the factorizing field.
The degree of alignment along the chain can be conveniently quantified by the fidelity F (ρ n , ρ n ) = 0|ρ n |0 [46] between the reduced density matrix ρ n of the n'th spin and the state it would have if completely aligned with the magnetic field, i.e.,ρ n = |0 0|. Using the expression ρ n = diag[1 + σ z n , 1 − σ z n ]/2, the fidelity amounts to F = (1 + σ z n )/2. Fig. 7 top panel, shows F as a function of the spin location for a chain of N = 50 spins at β = 100 Note that, as anticipated, close to the boundaries the factorization effect of the magnetic field h is stronger and that the boundary/finite temperature effects are less marked as h increases beyond the factorizing value h f (50) 1.
This phenomenon is reflected in the behavior of W irr as a function of N A for fixed N . When the joining occurs close to the boundaries, small N A , where the alignment in the z direction is more complete, the quench has a lower effect on the irreversible work, as compared to quenches occurring in the bulk. This is because when quenching close to the boundary both initial and final states are well aligned, hence are "closer" on to the other, and their Kullback-Leibler divergence (proportional to W irr , see Eq. 5) is small. In the bulk however the pre-quench state is appreciably more aligned than the post-quench state, hence more "distant" to it. Note that a plateaux value is reached when the junction occurs deep enough into the bulk. Note also how the bulk value of the irre- versible work diminishes when the magnetic field is increased. This is because with increasing field more alignment is present in both the initial and final states ρ i and ρ f , which as a consequence differ less one from the other.
VI. BUILD UP OF CORRELATIONS
As the system is let thermalize after the quench, it reaches a state ρ f in which the two sub-chains are correlated. Since the initial state ρ i was red a product state, see Eq. (13), the thermalization process leads to a build up of correlation. At the same time, as discussed in Sec. II, heat is exchanged with the bath. Here we investigate both the behavior of the irreversible work W irr (that is the negative irreversible heat Q irr exchanged with the bath in the thermalization step), and of the correlation build-up, as function of
As quantifiers of correlations we focus on the concurrence C [47] and the mutual information M I of the spins located at n = N A and n = N A + 1. While the concurrence is a measure of genuine quantum correlations, the mutual information contains both classical and quantum correlations.
Using the notation ρ a , ρ b , ρ ab for the reduced density matrices of the N th A spin, the N th B spin and the two of them, respectively, the concurrence is given by C = max 0, 2|ρ ab 12 | − ρ 00 ab ρ 33 ab /2 [48, 49] , where ρ ij ab is the (i, j)-element of ρ ab in the computational basis. The mutual information is given by M I = S(ρ a )+S(ρ b )−S(ρ ab ), where S(·) is the usual von Neumann entropy. Fig. 8 shows the behavior of W irr , C and M I for different values of h. An oscillatory behaviour of all these quantities by varying L is clearly visible with the period of the oscillation given by p = π/(cos −1 h). The oscillations of M I and C can be traced back to boundary effects. In fact, the presence of the borders is responsible for stronger spin-spin correlations, which enter the expression of both M I and C, the closer the spins are to the edges. This boundary effect has been investigated both in chains made of a finite number of particles [35] and in infinite systems close to impurities which effectively break the chain [50] . The fact that W irr presents the same oscillatory behaviour suggests that the main contribution in this case comes from the correlations between spin N A and spin N A + 1. This latter consideration can be also supported by considering that the irreversible work is the Kullback-Leibler divergence between ρ i and ρ f , and noting that far from the joining region the two density matrices are not so different, whereas, the main contribution arises from the neighborhood of the connected borders.
VII. CONCLUSIONS
We have studied the influences of quantum many-body effects, such as criticality and the existence of factorisation fields, in the thermodynamic cost of establishing a bonding link between two independent quantum spin chains ruled by an XX model. The behavior of both reversible and irreversible work produced in such process has been interpreted by establishing an explicit link to the phenomenology of such quantities to the properties of the spectrum of the system.We have included the effects of an external magnetic field, as well as inhomogeneities, thus providing an extensive analysis of the various key parameters in the spin model addressed in our study. Our work contributes to the ongoing effort directed towards the understanding of the many-body implications for non-equilibrium thermodynamics. 
and the explicit expression for the rising operators, Eq. (19), one finds, after a careful inspection, the general 
where the symbols appearing in Eq. (A3) have the following meaning. Given |f , the ordered labels k 1 < · · · < k r indicate which modes are excited in the state |f . For example if |f = |0, 1, 1 , there are two excitations, r = 2, and k 1 = 2, k 2 = 3, saying that the second and third modes are excited. Similarly q 1 < · · · < q t say which spins are up in the state |s . Note that f |s is au-tomatically zero if t = r, hence the Kronecker symbol δ r,t . The symbol σ stands here for a permutation of {1, 2, . . . r}, for example {2, 1, . . . r}, in which case σ(1) = 2, σ(2) = 1, . . . σ(r) = r. P(σ) is the parity of the permutation σ and the sum is over all the r! possible permutations. G(i, q) is the number of elements in the vector q = (q 1 . . . q t ) which are larger than i, and S(x) = 2/(N + 1) sin[xπ/(N + 1)]. The general formula can be used for any chain length, so, it can be used to calculate s A |i A and s B |i B as well, hence s|i . This combined with f |s gives f |i as from Eq. (A1), and by squaring, finally gives P [f |i] = | f |i | 2
